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1. INTRODUCTION
In this paper, we study the existence and nonexistence of global positive
solutions of the problem
¡ m nu s = u =u , ¨ s = ¨ =¨ , x g V , t ) 0, .  .t t
­ u ­ ¨
a p q b~ s u ¨ , s u ¨ , x g ­ V , t ) 0, 1 .
­h ­h¢u x , 0 s u x , ¨ x , 0 s ¨ x , x g V , .  .  .  .0 0
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where V ; R N is a bounded domain with smooth boundary ­ V, h is the
unit outward normal vector, the constants m, n, a , b are nonnegative, and
1 .  .p, q are positive, and u x and ¨ x are positive C functions on V,0 0
and satisfy the compatibility conditions.
Our main result is the following
 .  .  .THEOREM. Let u, ¨ be a local solution of 1 . Then u, ¨ exists globally
if and only if
m q a F 1, n q b F 1 and pq F 1 y m y a 1 y n y b . 2 .  .  .
 .From a physical point of view, the differential equations in 1 have been
suggested as some models, for example, in the porous medium or fastrslow
w xdiffusion equation, see 1, 2, 3, 6 and the references therein. The nonlin-
 .ear boundary conditions in 1 can be physically interpreted as a nonlinear
w xradiation law, which here is actually an absorption law, see 4, 5 .
w xWhen m s n s 0, Pao 6 , established the upper and lower solutions
method, and gave some sufficient conditions on the global solution and
 . w xblow-up in finite time for problem 1 . Wang 8 proved that the solution of
 .  . .1 exists globally if and only if a F 1, b F 1 and pq F 1 y a 1 y b .
w xBy the results of 1, 2, 6 , there exist T ) 0 and a unique positive
  .  ..  . w .noncontinuable solution u x, t , ¨ x, t of 1 on V = 0, T . If T - q`,
5  .5 5  .5 .  .then lim sup u ?, t q ¨ ?, t s q`, i.e. u, ¨ blows up in finite` `t ª Ty
time. Moreover, the comparison principle holds for positive upper and
 .  .  .lower solutions see the Appendix . Consequently, u x, t G d , ¨ x, t G d ,
  .  .4where d s min min u x , min ¨ x ) 0.V 0 V 0
2. PROOF OF THE SUFFICIENCY
 .  .Assume that 2 holds, we will prove that u, ¨ exists globally.
 .Let h x be a positive solution of the problem
­ h
< < < <Dh s l s ­ V r V , x g V ; s 1, x g ­ V . 3 .
­h
2 1 .  .  .Then h x g C V l C V , and there exist positive constants A, B, L
2 . <  . <such that A F h x F B and =h x F L on V. It is obvious that for any
 .constant k G 0, there exist positive constants f k , i s 1, 2, which dependi
 .only on k and h x , such that
kk kf k h x q s F h x q s F f k h x q s for all s G 1. .  .  .  .  . . .  .1 2
4 .
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 .Case 1. m ) 0, n ) 0. By 2 and p, q ) 0 we have that 1 y m y a ,
1 y n y b , 1 y m, 1 y a , 1 y n, and 1 y b are all positive. Denote u s
 .1 y m y a rp, and set
1rm 1rnlmt nlu tw s a h x q e , z s b h x q e , .  . .  .
 .  .where a, b, and l are the undetermined positive constants. By 3 and 4
 . w .we have that for x, t g V = 0, q` ,
 .1ym rmlmt lmtw s al h x q e e . .t
1 y m
l1ym. t lmtG alf h x q e e . .1  /m
1 y m
ltG alf h x q e , 5 .  . .1  /m
1 1rmm 1qm lmt= w =w s a l h x q e .  . .
m
1  .1ym rm 2lmt < <q h x q e =h . .
m
1 1
1qm ltF a l f h x q e . .2  /m m
L 1 y m
l1ym. tq f h x q e . .2  /m m
1 1 L 1 y m
1qm ltF a l f q f h x q e , 6 .  . .2 2 /  /m m m m
 .1yn rnnlu t nlu tz s lu b h x q e e . .t
1 y n
lu tG lu bf h x q e , 7 .  . .1  /n
1 1  .1rn 1yn rn 2n 1qn nlu t nlu t < <= z =z s b l h x q e q h x q e =h .  .  . .  .
n n
1 1
1qn lu tF b l f h x q e . .2  /n n
L 1 y n
l1yn.u tq f h x q e . .2  /n n
1 1 L 1 y n
1qn lu tF b l f q f h x q e . 8 .  . .2 2 /  /n n n n
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 . w .For x, t g ­ V = 0, q` , we have
­ w 1 ­ h .1ym rmlmts a h x q e . .
­h m ­h
1  .1ymya rm1ya lmt as a h x q e w . .
m
1 1 y m y a
1ya l1ymya . t aG a f h x q e w , 9 .  . .1  /m m
prna p a p nlu tw z s w b h x q e . .
p
p l1ymya . t aF f b h x q e w , 10 .  . .2  /n
­ z 1 ­ h .1yn rnnlu ts b h x q e . .
­h n ­h
1  .1ynyb rn1yb nlu t bs b h x q e z . .
n
1 1 y n y b
1yb lu 1ynyb . t bG b f h x q e z . .1  /n n
1 1 y n y b
1yb l q t bG b f h x q e z , 11 .  . .1  /n n
qrmq b b q lmtw z s z a h x q e . .
q
q l q t bF a f h x q e z . 12 .  . .2  /m
 .  . .By 2 and m, n ) 0 we have pq - 1 y a 1 y b , and there exist con-
 .  .stants a ) max u x , b ) max ¨ x such thatV 0 V 0
p
q 1 y n y b
1ya .1yb .yp qa G nf f2 1 /  /m n
1ybp 1 y m y a
= mf f , 13 .2 1 /  /n m
p 1 1 y m y a
p 1yab f s a f . 14 .2 1 /  /n m m
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For the above constants a, b, we choose a constant l so large such that
1 y m 1 1 L 1 y m
mlf G a l f q f , 15 .1 2 2 /  /  /m m m m m
1 y n 1 1 L 1 y n
nlu f G b l f q f . 16 .1 2 2 /  /  /n n n n n
 .  .  .  .From 5 ] 16 we see that w, z is an upper solution of 1 . Therefore
 .  .  .u, ¨ F w, z , and hence u, ¨ exists globally.
Case 2. m s 0 and n ) 0. Set
1rnnl 1 y a .
l tw s ah x e , z s b h x q exp t . .  .  /p
Similar to the above arguments one can prove that there exist a, b, l ) 0
 .  . wsuch that w, z , defined by this manner, is an upper solution of 1 Here
 . x  .0 - A F h x F B is used , therefore u, ¨ exists globally.
For the other cases, the proofs are similar.
3. PROOF OF THE NECESSITY
We will complete the proof of the necessity by the following series of
lemmas.
 .  .LEMMA 1. If m q a ) 1 or n q b ) 1, then the solution u, ¨ of 1
blows up in finite time.
 .  .Proof. Consider m q a ) 1. Since the local solution u, ¨ of 1 satis-
fies u G d ) 0, ¨ G d ) 0, it follows that
­ u
a p p as u ¨ G d u , x g ­ V , t ) 0.
­h
Let w be the solution of the single parabolic equation
¡ mw s = w =w , x g V , t ) 0, .t
­ w
p a~ s d w , x g ­ V , t ) 0,
­h¢w x , 0 s u x G d ) 0, x g V . .  .0
 w x.  .  .Then w blows up in finite time see 7 . Choose u, ¨ s w, d , it is easy
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 .  .  .  .to verify that u, ¨ is a lower solution of 1 . Therefore u, ¨ G u, ¨ , and
 .hence u, ¨ blows up in finite time.
When n q b ) 1, the proof is similar.
LEMMA 2. Assume that m ) 0 and n ) 0. If m q a F 1, n q b F 1,
 . .  .  .and pq ) 1 y m y a 1 y n y b , then the solution u, ¨ of 1 blows up
in finite time.
To prove Lemma 2, we first prove a proposition.
PROPOSITION 1. Under the assumption of Lemma 2, there exist constants
k G 1 and l G 1 such that
1 y m y a p 1 y a p¡
s s k y l q y F 0,
m n m n~ 17 .q 1 y n y b 1 y b q
r s y k q l q y F 0.¢ m n n m
Proof. When m q a - 1 and n q b - 1, we have from pq ) 1 y
. .  . . .  . m y a 1 y n y b that 0 - 1 y m y a rm nrp - qrm nr 1 y
..n y b . Hence there exists m ) 0 such that
0 - 1 y m y a rm nrp - m - qrm nr 1 y n y b . .  .  .  . .  .
Set
1 1 y a n 1 y m y a n .
l s max 1, , y 1 m y ? ,  / /m mp m p
q 1 y b n q n
y m y ? , /  / / 5m n 1 y n y b m 1 y n y b
l s km.
 .Then k G 1, l G 1 and satisfy 17 . Define
n 1 y a .
l s max 1, y 1 , 5pm
1 y n y b 1 y b q m
k s max 1, l q y 5 /n n m q
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when m q a s 1 and n q b - 1;
m 1 y b n 1 y a .  .
k s max 1, y 1, 1 , l s max 1, y 1 5  5qn pm
when m q a s 1 and n q b s 1, and
m 1 y b .
k s max 1, y 1 , 5qn
1 y m y a 1 y a p n
l s max 1, k q y 5 /m m n p
 .when m q a - 1 and n q b s 1. Then k G 1, l G 1 and satisfy 17 . The
proof of Proposition 1 is completed.
 .  .Proof of Lemma 2. Let h x be a positive solution of 3 and define
 .  .  .yk  .  .  .yl  .y x, t s ah x q b y ct , z x, t s ah x q b y ct , u s 1 q k r
 .  .  .  . u  . smk , s s 1 q l r nl , u x, t s y , ¨ x, t s z , where k and l are given
 .by Proposition 1, 0 - A F h x F B on x g V, and
 .  .1r ku 1r lsy1 u y1 sb ) max d 2 , d 2 , .  . 5
 y1 yk y1 yl y1 s 1qauyu y1 r 1qbsys 4a s min B b , B b , u b 2 , s b 2 ,
 4c s min alrk , alrl .
By direct computation we have
yky1uy1u s u cky b y ct , .t
uy1 uy1 2 uy2 < < 2=u s au y =h , Du s au y Dh q u u y 1 a y =h , .
m m my1 < < 2= u =u s u Du q mu =u .
mu uy1 2 uy2 < < 2s y lau y q u u y 1 a y =h . .
my1.uq2uy1. < < 2 2 2q my =h a u
muquy1 2 muquy2 < < 2s lau y q u mu q u y 1 a y =h . .
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 .  .  .Since u s 1 q k r mk ) 1rm ) 1r 1 q m , it follows that mu q u y 1
 .yk) 0. Therefore, by y G b y ct we have
= um=u G lau y muquy1 .
ym u kuy1G lau y b y ct .
 .y 1qkuy1s lau y b y ct .
 .y 1qkuy1G cku y b y ct .
s u , x g V , 0 - t - brc. 18 .t
Similarly, we have
= ¨ n=¨ G ¨ , x g V , 0 - t - brc. 19 . . t
 .By A F h x F B and the choices of a, b, and c we have
yk yk yl ylb y ct F y F 2 b y ct , b y ct F z F 2 b y ct . 20 .  .  .  .  .
 .By the expression of u , s , the assumptions of the lemma and 17 we have
u 1 y a ) 1, pls q k ua q 1 y u s ys G 0. 21 .  .  .
 .  .Using ­ hr­h s 1 on ­ V and the relations 20 and 21 , we get
­ u
uy1 a p u 1ya .y1 ypss au y s u ¨ au y z
­h
 .yk uyuay1 qp lsa p u 1ya .y1F u ¨ au 2 b y ct .
ysa p u 1ya .y1s u ¨ au 2 b y ct .
F ua¨ pau 2u 1ya .y1bys
F ua¨ p , x g ­ V , 0 - t - brc. 22 .
Similarly, we have
­ ¨
q bF u ¨ , x g ­ V , 0 - t - brc. 23 .
­h
 .By the choices of a and b and h x F B we have
u uyk yku x , 0 s ah x q b F aB q b .  .  . .
uykF 2b - d F u x , 24 .  .  .0
s syl yl¨ x , 0 s ah x q b F 2b - d F ¨ x x g V . 25 .  .  .  .  .  . . 0
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 .  .  .  .  .  .From 18 , 19 , and 22 ] 25 we see that u, ¨ is a lower solution of 1 .
 .  .  .Therefore u, ¨ G u, ¨ , and hence u, ¨ blows up in finite time.
LEMMA 3. Assume m ) 0, n s 0. If m q a F 1, b F 1 and pq )
 . .  .  .1 y m y a 1 y b , then the solution u, ¨ of 1 blows up in finite time.
Proof. We first prove that there exist k G 1, l G 1 such that
1 y m y a 1 y a¡
s s k y pl q F 0,
m m~ 26 .q q
r s y k q 1 y b l q 1 y F 0. .¢ m m
 .In fact, when m q a - 1 and b - 1, we have from pq ) 1 y m y a
 .  .  .? 1 y b that 0 - 1 y m y a rp - qr 1 y b . Hence there exists m ) 0
 .  .   ..such that 0 - 1 y m y a r mp - m - qr m 1 y b . Set
1 1 y a 1 y m y a
k s max 1, , m y ,  /  /m mp mp
q 1 q
y m y , / 5 /m 1 y b 1 y b m 1 y b .  .
l s km.
 .Then k G 1, l G 1 and satisfy 26 . Define
1 y a m m
l s max 1, , k s max 1, y 1 q 1 y b l . 5 5pm q q
when m q a s 1 and b - 1;
m 1 y a
k s max 1, y 1 , l s max 1, 5  5q pm
when m q a s 1 and b s 1, and
m 1 y a 1 y m y a
k s max 1, y 1 , l s max 1, q k 5  5q mp mp
 .when m q a - 1 and b s 1. Then k G 1, l G 1 and satisfy 26 .
 .  .Let h x be a positive solution of 3 , one can assume that 0 - A F
 .  .h x F B. Let f x be a solution of the linear problem
yDf s 1, x g V ; f s 0, x g ­ V .
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 .Then f x ) 0 in V and ­fr­h - 0 on ­ V and there exist positive
constants c , c and M such that1 2
c F y­fr­h F c on ­ V and f x q =f x F M on V . .  .1 2
 .  .  .yk  .  y1  ..y1Set y x, t s ah x q b y ct , z x, t s b y df x y ct, u s
 .  .1 q k r mk and
u x , t s yu x , t , ¨ x , t s zyl x , t , .  .  .  .
where
1 bry2 .mr 1qky1r l y1 ub ) max d , d 2 , d s min , , . 5  52bm lc2
1 1 1
yk s 1y1ya .u 2a s min b , b 2 , c s min al, db . 5  5B u k
By direct computation we have
y2yly1 yly1 y1¨ s clz , =¨ s ydlz b y df x =f , . .t
y2yly1 y1D¨ s ydlz b y df x Df . .
y3 22 yly1 y1 < <y 2 d lz b y df x =f . .
y4 22 yly2 y1 < <q d l l q 1 z b y df x =f .  . .
y2 y42yly1 y1 2 y1 yly2< <s dlz b y df x q d l =f b y df x z .  . .  .
y1? l y 1 q 2ct b y df x . .
y2yly1 y1 2 yly1G dlz b y df x G dlb z . .
G clzyly1 s ¨ . 27 .t
Similarly, we have
= um=u G u . 28 . . t
 .  .For x g ­ V, we have f x s 0 and z x, t s b y ct. Therefore,
­ u ­ h pluy1 uy1yau a ps u y a s au y b y ct u ¨ . .
­h ­h
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 .By the choices of a, b, and c we see that the first inequalities in 20 and
 .21 hold, respectively. Therefore,
­ u  .p lqkyu k 1yau 1ya .y1 a pF au 2 b y ct u ¨ .
­h
ysu 1ya .y1 a pF au 2 b y ct u ¨ .
F au 2u 1ya .y1bys ua¨ p F ua¨ p . 29 .
­ ¨ ­fyly12s yldb b y ct .
­h ­h
yly12F ldb c b y ct .2
b lyly1q b 2 yu qs u ¨ ldb c y b y ct .2
yrq b 2F u ¨ ldb c b y ct .2
F uq¨ b ldb2c byr F uq¨ b. 30 .2
For x g V, we have
u uyk yku x , 0 s ah x q b F 2b - d F u x , 31 .  .  .  .  . . 0
ly1 yl¨ x , 0 s b y df x F b - d F ¨ x . 32 .  .  .  . . 0
 .  .  .  .It follows from 27 ] 32 that u, ¨ is a lower solution of 1 . Because
 .  .u, ¨ blows up in finite time, and so does u, ¨ .
LEMMA 4. Assume that m s 0 and n ) 0. If a F 1, n q b F 1 and
 . .  .  .pq ) 1 y a 1 y n y b , then the solution u, ¨ of 1 blows up in finite
time.
Proof. The proof is similar to that of Lemma 3.
LEMMA 5. Assume that m s n s 0. If a F 1, b F 1 and pq )
 . .  .  .1 y a 1 y b , then the solution u, ¨ of 1 blows up in finite time.
w xProof. For the proof see 8 .
 .The proof that condition 2 is necessary for the existence of a global
solution follows from Lemmas 1 to 5.
APPENDIX
In this Appendix, we will give the comparison principle.
 .PROPOSITION 1 Comparison Principle . Suppose that u, ¨ , u, ¨ g
2, 1 1, 1  ..   ..  w ..C V = 0, T l C V = 0, T l C V = 0, T satisfy u, ¨ , u, ¨ G
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w .d ) 0 on V = 0, T and
m m¡u y = u =u G 0 G u y = u =u , x g V , 0 - t - T , .  .t t
n n¨ y = ¨ =¨ G 0 G ¨ y = ¨ =¨ , x g V , 0 - t - T , .  .t t
­ u ­ u
a p a py u ¨ G 0 G y u ¨ , x g ­ V , 0 - t - T ,~ ­h ­h
­ ¨ ­ ¨
q b q by u ¨ G 0 G y u ¨ , x g ­ V , 0 - t - T ,
­h ­h¢ u x , 0 , ¨ x , 0 ) u x , 0 , ¨ x , 0 , x g V . .  .  .  . .  .
  .  ..   .  .. w .Then, we ha¨e u x, t , ¨ x, t ) u x, t , ¨ x, t on V = 0, T .
 .Proof. Set w s u y u, z s ¨ y ¨ . Then w, z satisfies
¡ N 1.w y d x , t Dw q  b x , t w q c x , t w F 0, .  .  .t 1 is1 i x 1i
N 2.z y d x , t D z q  b x , t z .  .t 2 is1 1 x i~
qc x , t z F 0, in V = 0, T .  .2¢w x , 0 - 0, z x , 0 - 0, x g V , .  .
where
d x , t s um x , t , d x , t s ¨ n x , t , .  .  .  .1 2
1. my1b x , t s ymu x , t u x , t q u x , t , .  .  .  . .i x xi i
2. ny1b x , t s yn¨ x , t ¨ x , t q ¨ x , t , .  .  .  . .i x xi i
1 my 1
c x , t s y m u q s u y u ds Du x , t .  . . .H1
0
1 my 2 2< <y m m y 1 u q s u y u ds =u x , t , .  . . .H
0
1 ny1
c x , t s y n ¨ q s ¨ y ¨ ds D¨ x , t .  . . .H2
0
1 ny2 2< <y n n y 1 ¨ q s ¨ y ¨ ds =¨ x , t . .  . . .H
0
The conclusion of the Proposition follows by the ``Positivity Lemma'' of
 w x .parabolic equations see 6 , p. 54 .
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